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In this paper we prove existence results and asymptotic behavior for strong solutions u G 
2 . 2 

of fhe nonlinear ellipfic problem 

f —Ahu++ Au = f in D., 

\ u —+00 on 90 , 

where H is a suifable norm of O is a bounded domain. Ah is fhe Finsler Laplacian, 
1 < q ^ 2 , A > 0 and f is a suifable funcfion in Furfhermore, we are inferesfed in fhe 
behavior of fhe solufions when A —> 0 ^, sfudying fhe so-called ergodic problem associafed fo 
(P). A key role in order fo sfudy fhe ergodic problem will be played by local gradienf esfimafes 
for (P). 
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1 INTRODUCTION 

Let n be a bounded domain of n ^ 2 , and lef us consider fhe following Finsler-Laplacian of u, 
namely fhe operafor Ahu defined as 

n ^ 

= X ^ (H(Vu)H^^(Vu]), 

1=1 

where H is a suifable smoofh norm of R"^ (see Secfion 2.1 for fhe precise assumpfions). The aim of fhe 
paper is fo sfudy fhe exisfence of solufions of fhe equation 

—Ahu-F H(Vu)‘^-t-Au = f(x) in Cl (1.1) 

where 1 < q ^ 2 , A > 0 and f is a suifable funcfion in Lj^^, bounded from below, wifh fhe boundary 
condifion 

lim u(x) = -boo. (1.2) 

X—>-d£l 

We will refer fo fhe solufions of (1.1) which satisfy (1.2) as blow-up solufions. We are also inferesfed in 
fhe asympfofic behavior of fhe solufions. Moreover, we sfudy fhe behavior of fhe blow-up solufions of 
(1.1) when A — 0 +. 


‘Universita degli studi di Napoli Federico II, Dipartimento di Matematica e Applicazioni "R. Caccioppoli", Via Cintia, Monte S. 
Angelo - 80126 Napoli, Italia. Email: f.dellapietra@unina.it 

^Seconda Universita degli studi di Napoli, Dipartimento di Matematica e Fisica, Via Vivaldi, 43 - 81100 Caserta, Italia. Email: 
giuseppina.diblasi0@unma2.it 


1 


1 



1 INTRODUCTION I 2 


Problems which deal with Finsler-Laplacian t5rpe operators have been studied in several contexts (see, 
for example, [AFLT97, BFK03, FK08, CS09, WX12, CFV13, DG13, DG14, DG15, J15]). 

When H is the Euclidean norm, namely H(£,) = |f,| = / blow-up problems for equafions de¬ 

pending on fhe gradienf have been sfudied by many aufhors. We refer fhe reader, for example, fo 
[LL89, BG96, GNR02, PV06, L07, Pro, BPTio, FGMP13]. In fhe Euclidean setting, problem (i.i)-(i.2) 
reduces fo 

J —Au-F |Vu|‘i -h Au = f(x) in n, 

I lim ufx) = -Foo. ^^' 3 ) 

X— 

The inferesf in problems modeled by (1.3) has been grown since fhe seminal paper by Lasry and Lions 
[LL89]. The equafion in (1.3) is a particular case of Hamilfon-Jacobi-Bellman equafions, which are relafed 
fo sfochasfic differenfial problems. Indeed, in [LL89] fhe aufhors enlighfened fhe relation befween prob¬ 
lem (1.3) and a model of sfochasfic confrol problem involving consfrainfs on fhe sfafe of fhe sysfem by 
means of unbounded drifts. We briefly recall a few facfs abouf fhis link. 

Lef us consider fhe sfochasfic differenfial equafion 

dXt = a(Xt]dt-F dBt, Xq = x e O, 


where Bt is a sfandard Brownian motion. We assume fhaf a( ) G A, where A is fhe class of feedback 
confrols such fhaf fhe sfafe process Xt, solufion fo fhe above SDE, remains in D wifh probabilify 1 , for all 
t ^ 0 and for any x G Cl. Thanks fo fhe d5mamic programming principle due fo Bellman, fhe funcfion 

2 V 

UA G [Cl], r < 00 which solves (1.3) can be represenfed as fhe value funcfion 


ua = inf E 

aE-A. 


f(Xt) -F Cq|a(Xt 


e-^^dt 


where E is fhe expecfed value, 1 < q ^ 2 , q' = = (‘f “ ^ is a discounf factor. 

In [LL89] fhere are several resulfs regarding fhe exisfence, uniqueness and asympfofic behavior of fhe 
solutions of (1.3). 

When A fends fo zero, fhe limif of Aua is known as ergodic limif. This kind of problems have been 
largely sfudied (see, for example, [BE87, LL89, BE92, Pro, PGMP13]). A f5rpical resulf sfafes fhaf Aua 
fends fo a value uq G IR and ua(x) — ua(xo), for fixed xq g Cl, fends fo a funcfion v which solves 


j — Av-F |Vv|‘l-Fuo = f(x) in fl, 

) lim v(x) = -Foo. (^A) 

(_ x—^dO. 

Problem (1.4) is seen as fhe ergodic limif, as A — 0 ^, of fhe sfochasfic confrol problem jusf desfribed. 

The scope of fhe presenf paper is fo obfain exisfence, uniqueness and asympfofic behavior of fhe 
solutions fo problem (i.i)-(i.2), in fhe spirif of fhe work by Lasry and Lions [LL89], when H is a general 
norm of IR^. 

The inferesf in fhis kind of problems is twofold. Pirsf, in analogy wifh fhe relafion befween fhe quofed 
SDE and fhe ellipfic problem (1.3), we sfress fhaf fhe Einsler Laplacian Ah can be inferprefed as fhe 
generator of a "h-Einslerian diffusion", which generalizes fhe sfandard Brownian motion in Sfochasfic 
processes of fhis t5rpe arise in some Biology problems, as in fhe fheory of evolufion by endo-symbiosis 
in which modern cells of planfs and animals arise from separafely living bacferial species. We refer fhe 
reader fo [AZi, AZ2] (and fo fhe bibliography cifed fherein) for fhe sfochasfic inferprefafion of Ah and 
for fhe quofed applications. Second, aparf from fhe sfochasfic mofivafion, fhe nonlinear ellipfic problem 
we sfudy is of inferesf in ifs own righf. In our case, fhe operafor in (1.1) is, in general, anisofropic and 
quasilinear, wifh a sfrong nonlinearify in fhe gradienf, and generalizes fo fhis setting some exfensively 
sfudied problems in fhe isofropic case. Acfually fhis brings several difficulties and differencies wifh 
respecf fo fhe Euclidean case. Moreover, in [LL89] fhe asympfofic behavior of fhe solufions of (1.3) near fo 
fhe boundary of D. is sfrongly relafed fo a precise behavior of f wifh respecf fo fhe disfance fo 00 . In our 
case, fhe anisofropy of fhe operafor leads fo use an appropriafe disfance funcfion fo fhe boundary relafed 
fo H. On fhe ofher hand, unless H = | • |, fhe funcfion VH(£,) is always discontinuous in f, = 0 . Hence, 
also giving smoofhess assumptions on H and on fhe dafa, if is nof possible fo apply classical Calderon- 
Zygmund 15420 regularify resulfs fo gef sfrong solufions in Wj^'^(O), r < 00. We deal, in facf, only wifh 
solufions in W^^^{C 1 ). Eurfhermore, fhis lack of regularify does nof permif fo obfain, in general, fhe same 
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gradient estimates for the solutions of (i.i)-(i.2) proved in the Euclidean case, which play a central role in 
the study of fhe ergodic problem. Acfually, we are able fo freaf also fhe case A —>^ 0 ^, obfaining exisfence 
resulfs for fhe limif problem 

J — AHV + H(Vv)‘i+uo = f(x) in D., 

1 lim vfx) = +00, 

I, X—>-9Q 

and some properfies of fhe ergodic consfanf uq. We refer fhe reader fo Secfion 2.3 for fhe complefe scheme 
of fhe obfained resulfs. 

The paper is organized as follows. 

In Secfion 2 we give fhe precise assumptions on H and recall some basic facts of convex analysis. 
Moreover, we sfafe our resulfs. In Secfion 3 we prove some a priori esfimafes for fhe gradienf. Finally, in 
Secfion 4 we give fhe proof of fhe main resulfs. 


2 ASSUMPTIONS, MAIN RESULTS AND COMMENTS 

2.1 Notation and preUmLnarLes 


Throughout the paper we will consider a function 


f,GR^^H (0 G [ 0 ,+ooL 


convex, 1 -homogeneous, that is 


H(t£,) = |t|H(E), t G R, E G R^ 

(2.1) 

and such that 


q|EI < £, G R^ 

(2.2) 


for some consfanf 0 < a. Under fhis hypofhesis if is easy fo see fhaf fhere exisfs b ^ a such fhaf 
H(£,) < b|a e IR’". 


Moreover, we will assume fhaf 

e C^(]R^ \{0}), and is posifive definife in IR^ \{0}. (2.3) 

In all fhe paper we will denofe wifh Cl a sef of IR^, n ^ 2 such fhaf 

n is a bounded connecfed open sef wifh boundary. (2.4) 

The hypofhesis (2.3) on H assure fhaf fhe operator Ah is ellipfic, hence fhere exisfs a posifive consfanf 
Y such fhaf 

ylEI^ ^ Y_ ^(H(Ti)H£_.(Ti))£,|f.j, (2.5) 

i,j = i 

for any 4 e IR^ \ {0} and for any £, = (f,i / • • • / ^.n) G 

2 2 

We will consider as solufions of equation (1.1) the strong solutions, namely functions u s W^J^ (£ 1 ) such 
that the equality in (1.1) holds almost ever5rwhere in Cl. 

In this context, an important role is played by the polar function of H, namely fhe funcfion H° defined 
as 

X G i-G H°{x) = sup ^ ^ . 

HtCj 

If is nof difficulf fo verify fhaf H° is a convex, 1 -homogeneous funcfion fhaf safisfies (2.2) (wifh different 
constants). Moreover, 

H(x) = (H°]°(x)=sup^. 

£,^0 WJ 
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The assumption (2.3) on implies that {£, G IR^: H(£,) < 1 } is strongly convex, in the sense that it is a 
set and all the principal curvatures are strictly positive functions on {£,: H(f,) = 1 }. This ensures that 
H° G C^(]R^ \{ 0 }] (see [S93] for fhe defails). 

The following well-known properfies hold frue: 



(2.6) 

H£,(t£,) = signt • H£,(£,), ^ 0, t 7^ 0, 

(2.7) 


(2.8) 

H(Hg(t))=l, yffo, 

( 2 - 9 ) 


(2.10) 


Analogous properfies hold inferchanging fhe roles of H and H°. 

The open sef 

W = {£.g]R'^: < 1} 

is fhe so-called Wulff shape cenfered af fhe origin. More generally, we denofe 
Wrfxo) = rW-hxo = {x G H°(x —xq] < r}, 

and Wr{0] = W,-. 


2.2 Anisotropic distance function 

Due to the nature of fhe problem, if seems fo be nafural fo consider a suifable nofion of disfance fo fhe 
boundary. The anisofropic disfance of x G Q fo fhe boundary of 0 D. is fhe function 

dH(x] = inf H°(x —p), X G Cl. (2.11) 

yeao 

If is nof difficulf fo prove fhaf dn G Moreover, fhe properfy (2.9) gives fhaf fhe dnlx) safisfies 

H(VdH(x)) = 1 a.e. in O. (2.12) 

Furfhermore, if 90 is C^, fhen dn is in a suifable neighborhood of 90 in Cl (see [CM7]). 

Since dCl is C^, if is possible fo exfend dn oufside Q fo a funcfion which is sfill in a suifable 
neighborhood of 0 T 1 in R^. Indeed, lef 

dH(^] = inf H°(x —u), xGR^\n, 
yean 

and define fhe signed anisofropic disfance funcfion d^ as 


f dH(x] if X G n 

dH(x] = ( ~ - (2.13) 

^ \ -dH(x) ifxGR'^Xa. 

The following resulf is proved in [CM7]. 

Theorem 2.1. Let Cl be as in (2.4). Then there exists p > 0 such that d^ is (A^.], with A^. = {x G R^ : — p < 

dH(x) < p}. 


2.3 Main results 

The first result concerns the case when f blows up at the boundary at most as dnlx]”*^ , with q' = 

q/(q- 1 ]. 

Theorem 2.2. Let f G Lg’^(n) bounded from below and such that 
lim f(x 1 dH{xl‘^^ = Cl, for some 0 ^ Ct <+00. 


(2.14) 
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Then, there exists a unique solution u G of (i.i) such that u blows up at 90 . Moreover, any subsolution 

V G Wj^'^(O) of (i.i) is such that \l ^ v in O. Finally, if Cq is the unique positive solution of ^ “ 

l|5^Co-Ci =Oz/q <2, C^-Co-Ci =0!/q = 2 , then 


f Co 

ifq < 2, 


1 dH(x)^ 

(2.15) 

1 Co log dHW 

if Cl = 2 , 



as dH (x) —>■ 0. 

The second main result we are able to prove is the case in which f blows up very fast on 90 . 

Theorem 2.3. Let Clbea bounded domain ofW^, and suppose that f G Lj^j,( 0 ) is bounded from below and satisfies 


liminf f(x)d^ (x) > 0, for some ^ ^ q'. (2.16) 

dn-i-O 


7 7 

Then, any solution u G (O) of (1.1) bounded from below blows up at 90 . Moreover there exists a maximum 
2 . 2 

solution of (1.1) in WjJ^ (O) and, among all the solutions bounded from below in Cl, there exists a minimum one 
which is the increasing limit of sequences of subsolutions of (i.i). 

If in addition there exists Ci > 0 such that 


f(x)~ 


Cl 

dH 


for some (3 > q 


then the blow up solution u is unique and, as dn (x) —?> 0, 


(2.17) 


u(x) 


Co 

p_i ' 
dH(x]q 


with Co = (oi ' Cl 

Finally, we prove what happens when A —> 0 ^. We will denote with a blow up solution of (1.1), and 
v>^ = ux — ux(xo], where xq is any fixed poinf chosed in O. 

Theorem 2.4. Let 1 < q ^ 2 , and suppose that f G Wj|^'“( 0 ] is bounded from below and such that, as dnlx] —)■ 0 , 


'w=“ (drr) ■ 

2 2 

Denote with u^ the unique solution of (1.1) in (O) such that ua blows up at 90 . Then, Vua and Aua are 

2 2 

bounded in Lg’^( 0 ] and Aua —>■ uq G M, va —t v G (O) where the convergence is uniformly on compact sets 
of Cl. Moreover, v verifies (2.15) and it is a solution of the ergodic equation 

—Ahv + H(Vv]‘’+ uo = f in Cl. (2.19) 

In addition, i/uq is such that the equation —Ahw + +uo = f admits a blow-up solution in W^'^(O), 

then necessarily uq = uq. 

We will refer fo fhe unique consfanf uq such fhaf (2.19) admifs a blow-up solufion as fhe ergodic 
consfanf relafive fo (2.19). 

Remark 2.1. We observe fhaf fhe ergodic consfanf uq, in fhe case q = 2 , is relafed fo an eigenvalue 
problem. Indeed, if v is a solufion of fhe ergodic problem, performing fhe change of variable w = 
and using fhe properfies of H we have fhaf w satisfies 


—Ahw -h f(x) w = Uq w in O, 

w = 0 on 90 , (2.20) 

w > 0 in O. 









3 GRADIENT BOUNDS I 6 


This observation will be usebil in the proof of fhe uniqueness, up to an additive constant, of fhe blow-up 
solufions of (2.19) (Theorem 2.5 below). As a matter of facf, uq is fhe smallesf eigenvalue of (2.20). We 
refer fo fhe proof of Theorem 2.5 for fhe defails. 

When q €] 1 , 2 [, due fo fhe nonlinearify of fhe principal parf of fhe operator, and fhe facf fhaf problem 
(2.19) is non-variafional, fhe uniqueness up fo an additive consfanf of fhe solufion of (2.19) does nof seem 
fo be easy fo prove. 

Theorem 2.5. If q —2, under the hypotheses of Theorem 2.4, and assuming also that f e satisfies 

IVf(x]| < jTl 

7 7 

for some Ci ^ 0 , ifv and v are blow-up solutions in (Q) of (2.19), then v = v -H C,for some constant C G M. 


3 GRADIENT BOUNDS 

In fhis section we prove a local gradienf bound for fhe solufions of 

-AHU+H(Vu)‘’+Au = f, ugW^^[C 1 ]. (3.1) 

Such esfimafes are crucial in order fo prove Theorem 2.4 on fhe ergodic problem. The mefhod we will use 
relies in a local version, confained in [LL89] (see also[L8o, L85]), of fhe classical Bernstein fechnique (see 
[GT83, LU68]). 

7 7 

Theorem 3.1. Let Cl be a bounded open set, and suppose that u e Wjj^ (fl) solves (3.1). For any 6 > 0 , let us 
consider the set Cl^ = {x G Cl: dH(x) > 6}. G [Cl), for some d g] 0 , 1 [, then 

|Vu| ^ C5 for any X G Cli,, (3.2) 

where the constant C5 depends on ||Vf||oo, sup(f — Au), 6 and q. 

Acfually, we will prove in Secfion 4 fhaf fhe estimate (3.2) holds also under differenf assumptions on f 
(see Remark 4.1). 

Proof. The regularify assumptions on H imply that u G C^({Vu f 0 }) n C''’''(n) (see [To, CFV13, CS09, 
LU68]). 

For the sake of simplicify, we puf 

Hence fhe equafion (3.1) can be written as (here and in fhe following fhe Einsfein summation convention 
is understood) 

( Vu) + [H( Vu)] ‘^ + Au = f. 

If Vu f 0 , we can derive fhe equafion wifh respecf fo x^^, obfaining fhaf 

—a^^Ux^XjXic — '^xmXk '^xixj + q ^ + ^'^x^ = fx^- 

Lef us consider <p G D (H) such fhaf 0 ^ <p ^ 1 in £ 1 , cp = 1 on Qg and 

|A(p|s^C(p®, |V(p|^ C inO, (3.3) 

for some 0 G ] 0,1 [ fhaf will be defermined later and some consfanf C = C (6, 0 ). Mulfiplying by ipux,^ 
and summing we gef 

- a"’uxiXjXkT Uxk - Ux,,Xk UxiXj (p Ux^ -H q H£,^Ux,,Xk+ Acp Ux^Ux^ = 

= TfxkU-Xk. (34) 
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Denoting v = |Vup, equation (3.4) can be rewritten as 

VxiXj + 2(pQ^’uxiXkTJ-XjXk - UxtXj V Vx^ + q H£_ • Vv (p + 2Acp v = 2(p Vf • Vu, 
or 


- a’-’ ((pv)xixj +2(pa^’uxtXkUxjXk - UxjXj ((P v)x„ 

2 
V 


+ qH^ • V(v(p]+2A(pv+— (^a^’(pxj(pv)xj) 


= 2(p Vf • Vu + 


—a 


£^^Ux^Xj (Px-^ + qH^l ^H£^-V(p V-a^VxiXjV + 2—(a^’cpxiCPxj). 


Let xq be a maximum point for <pv in £1. Obviously, Vu{xo] ^ 0, otherwise cpv = 0 in £1. For the same 
reason, we can assume that xq € Supp p. Then by the maximum principle we get the following inequalify 
in xq: 


2cpa^’ux^XkTJ-XjXk+2A(pv < 2(p Vf • Vu+ Ux^Xj (Px^^ + qH'’ 'H£^-Vp 


v+ 


-a'-’(PxtXjV + 2-(a'-’pxiCPxj]- (3-5) 


Now, being H(f,] 1-homogeneous, and recalling fhaf , if follows fhaf are 

homogeneous of degree —1, and fhen 


|Vu| 


41 (Vu) 




^ C. 


Hence, using fhe above inequalify, fhe boundedness of , and fhe Young inequalify, we gef 


44 


= |Vu| 


h) 


/ Vu 


C|Vu||V(p|(Q^MVu)Ux^Xj) 




^ ep (a’-’(Vu) UxiXj) + C(£)^4 ^|Vu|^ = e p (H(Vu)‘’ -t-Au-f)^ -h |Vup. 

V V p p 

On the other hand. 


(u^l (Vu) Ux x-)^ 

Q"MVu)UxtXkUxjXx ^ > C (H(Vu)^ -hAu-f)" 


Hence, for £ sufficienfly small, recalling (3.5) and fhaf Au — f is bounded from below, we have 


[(H(Vu)q-Ci)+]2p^ 

^ |Vu|^+2p |Vf| |Vu| + q |H (Vu)|‘’“^ |H£^ (Vu)| jVp|v- Q^’px^XjV-h2—(a’•^px^Pxj)• 

p ’ (p ’ 

Now using condifions (3.3), (2.2), fhe boundedness of and the 0-homogeneity of H£^, we gef 
[(H(Vu)^ — Cl )''']^p ^ C ^pvz -h p®v^ + P®v^ 
fhaf means 

PV*^ < C ^1 -F pv2 -t- + p®v^ . 

Easy compufafion show fhaf if 0 ^ 4^' fhen 

max pv = pv (xo) ^ C. 
n 

Being p = 1 in £^5, we gef fhaf 
|Vu| = V^ Cs in Os, 

and fhe proof is complefe. □ 
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Actually, we can prove a more precise estimate of the gradient of fhe solutions when we precise fhe 
behavior of fhe dafum f near fhe boundary. 

2 2 

Theorem 3.2. Let Cl be a bounded open set, and suppose that u S solves (3.1). Supposing that f G 

satisfies 


|f(x)| ^ 


Cl 




|Vf(x]| < 


Cl 


' (x) 


( 3 - 6 ) 


for some |3 < q', Ci > 0 , and 
Au ^ —C2 


for some Cz > 0 . Then 

|Vu| ^ — in Cl, 

d^(x) 

where C3 only depends on C-\, Cz, (3 and the diameter of Cl. 

Proof. Lef xq G Cl, define r = jdnlxo) and consider v(x] = r“u(xo +tx], a = for x G Wi ( 0 ) = W. 
The funcfion v G (W) solves 

—Ahv + H(Vv]‘’+ Ar^v = V(xo + rx) in W. 

The hypofhesis (3.6) on f gives fhaf 

Ir^^'flxo+rx]! ^ Ci2Pr^'-P < CiZ^[diamH(n)]'i'-P = C 4 

where diamH (Cl) = sup H°(x — t)), and, similarly, 
x,yeCl 

Ir^’V^flxo +rx)| < Ci 2 Pr‘l'-P C4. 

Now, using fhe esfimafe (3.2), we have 
|Vv( 0 )| = |Vu(xo)|r^ C3, 

where C3 depends on C4. □ 


4 PROOF OF THE MAIN RESULTS 

Proof of Theorem 2.2. We splif fhe proof considering firsf fhe case of f bounded, fhen we consider fhe 
general case, wifh f G such fhaf (2.14) holds. 

Case i: f G L°°(C 1 ). We look for solutions which blow up approaching to the boundary. To this aim, 
we consider functions of fhe fype u(x) = CodH(x)““, wifh Co > 0 and a > 0 . Recall fhaf fhe anisofropic 
disfance funcfion is C^(r), where F = {x G O.: dnlx) ^ Sq}, wifh 60 > 0 sufficienfly small, is a fubular 
neighborhood of 9 C 1 . If we subsfifufe such functions in (1.1), by (2.1) and properfy (2.12) we gef fhaf 

H(VdH“) = aCodH“-’. 

Moreover, if px is the unique minimum point of (2.11), fhaf is dH(x) = H°(x —px)/ fhen 
VdH(x) = H^(x-px) 

(see [CM7, Prop. 3.3]), and fhen by (2.10) we have 
Ht(VdH(x)) = H^(H^(x-px)) = 
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Moreover, using (2.7), we finally have 

Hence, computing the anisotropic Laplacian and using (4.1) and (2.6) it follows that 


( 4 -i) 


Ah (Co d^^) = -Co a div [dn W-“-’H^(VdH(x)) 

„ , , ,, , , ,_a_2H^(x-'9x) • (x-px) 

= C»“l“+"d„W --+ 

n 

- Co ocdH(x)“““’ Y_ ^^£,t£,j(VdH(x]]axiXjdH(x) = Coa(a+ l]dH(x]“‘^“^ -K(x)dH(x)“““’, 


where 

n 

K(x] = Co a ^ (VdH(x]) 9 xtXj dH(x) 

H = i 

is bounded in P, being bounded on {£,: H(f,) = 1 }/ and dn S C^(r]. Hence 


— Ahu + H( Vu) ^ + Au — f = 

= -Co a( a + 1 ) d ;,““2 + K(x) dH (x) “ ““ ^ + C^ d“' ^ ^ + ACo d;^“ - f. (4.2) 


If f is in L°°, the most explosive term in (4.2) is 
-Coa(a+l]dH“"^ + C3a^d“^“+’^‘’. 


Ifq < 2, this leads to the choice of 
2-q 1 1 

a=-—Co = -(a+l] 4 ^, (4.3) 

q — 1 a 

otherwise, for q = 2, u(x) = —Co log dn, and it leads to the choice of Co = 1 ■ 

We construct, by means of the signed distance function d^(x], defined in (2.13), a suitable family of 
subsolutions and supersolutions of (1.1). To this aim, recalling that d^(x) s C^(A^), where is given 
in Theorem 2.1, it is possible to construct a function d{x) in C^(]R^) such that 


d(x) = dH(x) 
d(x) ^ 60 
d(x) = -dH(x) 
^ d(x) ^ -60 


if X s O, and dH(x] < 8q, 
if X S O, and dH(x] > 60 / 
if X ^ O, and dnlx] < 8q, 
if X ^ Cl, and dnlx] > &o, 


( 4 - 4 ) 


where 60 is a positive constant smaller than p. Hence, if q < 2 , for e ^ 0 and 6 such that 0 ^ 6 ^ 60/ we 
define 

W£,6 (x) = (Co-£)(d(x]+6)““-C£ xgCI^, 

W£,6 (x) = (Co + £)(d(x]-6)““ + C£ xgCIs, 

where C£ is a constant which will be chosed later, and 

Cl^ := {x e ]R^: d(x) ^ -6} D Cl, 

0.5 := {x e Cl: d{x) > 6} c O. 


If q = 2 , the functions (d ± 6) “in (4.5) have to be substituted with — log(d ±6). 
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For suitable choices of Ce, the functions in (4.5) are a super and subsolution of (1.1) in and 
respectively (we may assume f = 0 in \ D.). Indeed, for a and Cq as in (4.3), we get 

-AhW£, 6 + H(VWe,6) + Aw£^ 6 - f = 

= -a(a+ 1 )(Co + £](d - + a(Co + £)(d - 6)-““'' AHd+ 

+ oc‘^{Co + £]‘’(d-6)“‘^(“+’’H(Vd)‘> +A(Co + £)(d- 5 )-“‘ + ACe-f ^ 

q-l 


^ a(a+l](Co + £)(d —6) 


— a—2 


1 + 


Co 


H(Vd]‘’ -H(Vd)" 


+ ACe-C(l + (d-6] 


+ 


— a—1 ' 




^ v£(d — 6) 


— cx—2 


+ AC£-C (1 +(d-6) 


— (X—^ • 


for some v > 0 and C > 0 . We stress that And = j div((H^)£^(Vd)) is bounded in D.^ being d G C^(]R^) 
and V|h 2 G L°°(]R’^). 

By choosing sufficiently large, last term in the above inequalities is normegative, and 5 is a 
supersolution of (1.1) in D.5. The same argument shows that 5 is a subsolution of (1.1) in . Now, 
fixed M > 0 , let us consider the approximating problem 

f —AhUjvi+H{Vum)‘^+A u]vi = f in D, 

^4.6) 

[ um =yv^,^/M on 90 . 


Observe that w = (Co — £)M“ — Ce C^ m on 90 . Then, performing the change of unknown 
Vjvi = Um — (Co — £)M“ — Ce, problem (4.6) can be rewritten as 


-AhVm+H(Vvm)‘’+ Avm = f-ACe^M inO, 
vm =0 on 90 . 


( 4 - 7 ) 


Problem (4.7) admits a sub and supersolution in L°°{ 0 ) (it is sufficient to take two suitable constants). 
Under hypotheses (2.2) and (2.5), by [BMP84, Theorem 2.1], we get that problem (4.7) admits a weak 
solution vm G Wq'^( 0 ] n L°°( 0 ), namely vm satifies 


[H(Vvm]H£,(Vvm] • V(p + H(Vvm)‘’lp + Avmt] dx = (f-ACe^M) (P dx, 

Ja Ja 

Vcp G w^'^(0)nL°°(0). 

Then also (4.6) admits a weak solution um G W^'^[C 1 ) n L°°( 0 ). Moreover, such solutions are in W^'^(O) 
(see [To], and the remarks contained in [CS09, CFV13]), and in CC^(O) (see [LU68, L88]). Now we apply 
the comparison principle contained in [BBGK99, Theorem 3.1] (see also [BM95, Theorem 3.1]). We stress 
that the hypothesis (22) in [BBGK99] holds, because the function (H(£,]H£^(£,))£, is 0 -homogeneous, and 
then 


(H(^]H^(C))tt-H(C)H^(t)=0. 






4 PROOF OF THE MAIN RESULTS I 11 


Hence we have that, for 0 < M < N and for any t' > 0 , 

W£,i/m 0 in a. (4.8) 

Lasf inequalify in (4.8) follows observing fhaf um < w^/ 0 near fhe boundary of Cl, being um is finife on 
dCl, while w^/ olao = +00, and fhen using fhe comparison principle. Hence (4.8) gives fhaf fhe functions 
Um, M > 0 are uniformly bounded in This esfimafe, since f S allows fo apply [To, 

Theorem 1] in order fo obfain a (D.) esfimafe. Acfually, in any compacf sef O' <e O, by [To, Theorem 
1] we have 

|Vum(x) - Vum(x')| < C|x-x'|®, Vx,x' G Cl', 

where C is a consfanf which depends only on n,y, P, D.',^ and on fhe L°° bound of um in O'. Then by 
Ascoli-Arzela Theorem um, as M —f +00, converges locally uniformly fo a funcfion u G (Q). Moreover, 
u is a weak solution of (1.1) and, recalling (4.8), 

W£,0 h 0, V£'> 0 . (4.9) 

2 2 1 ^ 

Using again [To[, u G (Q) n (H). Then, by fhe chain rule for vecfor-valued funcfions confained 
in [MM72], we have fhaf u is a sfrong solution of (1.1). 

As matter of facf, u ^ We',0, ^ ^7 comparison principle, if v G W^^^[C 1 ) is anofher solufion 

of (1.1) which blows up on fhe boundary, fhen um ^ v. Hence, u is fhe minimal blow up solufion. 

Nexf sfep consisfs in consfrucfing a maximum blow-up solufion of (1.1). To fhis end, we may argue as 
before fo gef fhe minimal solufion U5 of (1.1) in Os which diverges on dCl^. We have fhaf 

W£,6 ^ Us < We^6, Ve > 0 . (4.10) 

Moreover, if v G is any blow up solufion of (1.1), being v bounded on 90 . 5 , we have fhaf 

v^ug. (4.11) 

Passing fo fhe limif as 6 —f 0 in (4.10), using (4.9) and (4.11), reasoning as before we gef a maximal blow-up 
solufion u = lim5_^o Its of (1.1) such fhaf 

W£,0 < u ^ V < U < We^o (4-12) 

for any e > 0 . As matter of facf, we claim fhaf 
u = u. 


Indeed, by (4.12) if follows fhaf 

lim = 1. 

d(x)-i.O U(xj 

Hence, being u(x) and u(x) divergenf near fhe boundary, we gef fhaf for any 0 g]0, 1 [ fhere exisfs a 
neighbourhood of 90 , dependenf on 0, in which 

u(x) > 0u(x] -h (1 - 0) ^ =: We (x), 

A 

wifh m = info f- The funcfion we is a subsolufion of (1.1), and by maximum principle we ^ u in all O. 
As 0 —F 1 , we gef fhaf u ^ u in O, and we gef fhe claim. 

We furfher emphasize fhaf inequalify (4.11) clearly holds also if v G ^^7 subsolufion of 

problem (1.1). Passing fo fhe limif, we gef v ^ u. 


Case 2: f unbounded. The proof runs analogously as in fhe previous case, excepf whaf concerns 
fhe exisfence of fhe minimum explosive solufion. Indeed, if f ~ CidHlx)”*^ or f = o(d,_[^ ) near 90 , 
subsfifufing u(x) = CodH(x)““ in (1.1), wifh a = (2 — q]/(q — 1), we have fhaf fhe mosf explosive ferm 
in (4.2), when x approaches fhe boundary, is 


2-qVr^ 2-q 

cFTj ,)2Co-C, 


d^*^ (x). 
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Hence, as before we can construct a maximum explosive solution u of (i.i) such that 
(Cq — £)d “ — Ce ^ U ^ (Co + £]ci “ + Ce, 


(4-13) 


where d is the function defined in (4.4). As regards the existence of the minimum solution, differently 
from the bounded case we have that 5 defined in (4.5) is a subsolution of (1.1) in with f replaced 
by 


h = 


un|f,C 2 + C3(d + 6] ‘I'l 

C2 + C3(d + 6)-q' 


in D., 

in \ a. 


with C2, C3 are positive constant such that C3 > Ci, and C2 + C3d“‘i > f in Q. Now, fs is bounded in 
Cl, and from the first case we get that there exists a unique explosive solution U5 of (1.1) with f replaced 
by fg, and U5 ^ w,, 5. Hence, being f ^ fs, the comparison principle gives that u ^ us. Passing to the 
limit, we obtain a minimal solution u(x) = lim5_^o of (i-i)/ with u ^ u, that satisfies (4.13). Again, 
the uniqueness and the comparison with subsolutions follows as before. □ 

Remark 4.1. We observe that by taking a closer look to the proof of Theorem 2.2, we are able to conclude 
that the thesis of the Theorem 3.1 holds also if f S (D) and (2.14) is satisfied. Indeed, by using the 
approximating problems 

J -Ahum +Aum = fM in H, 

\ um = W£,i/m on 0a, 

with fM sequence of smooth functions such that f m —t f in (O), the solutions um are uniformly 
bounded in Lj^^(a] and converge, up to a subsequence, to the unique blow-up solution u of problem (3.1). 
Then applying the bound (3.2) in Os to um and passing to the limit we get the same bound also for u. 

Proof of Theorem 2.3. The main part of the proof relies in the following statement. 

2 2 

Claim. If (2.16) holds, then any solution of (1.1) in (H), which is bounded from below, blows up 
when Th —t 0. 

Once we prove the claim, the thesis of the theorem follows by adapting the proof contained in [LL89, 
Theorems III.2 and III.3] and the arguments used in Theorem 2.2 in order to construct a minimum and a 
maximum solution and, under the additional h5rpothesis (2.17), that such solutions coincide. 

~ —q' 

In order to prove the claim, we may suppose, without loss of generality, that u > 0 in a and f > hd]_|^ 
for some positive constant K. Let xq be a point in O such that dn (xq ) = 2 r. Hence Wr (xq ) d O, and from 
the equation we get that 

—Ahu + H(Vu ]‘1 -t- Au ^ Kr^l inWr(xo] 
u>0 in 0Wr(xo], 


where K = 2 “I K. This means that u is a supersolution of 


—AnUr-h HCVur)*^ + Aur = Kr 1 inWr(xo) 
Ur = 0 in 0 Wr (xq ) 


(4-14) 


and, obviously, w = 0 is a subsolution of (4.14). Applying again [BMP84, Theorem 2.1] and [To], there 
exists a strong solution Ur € W^'^(Wr(xo)) n C^''®(Wr(xo)) of (4.14). Hence, u(x) ^ u,r(x) ^ 0 in Wr(xo). 
Defining Ur(x) = r“ur(rx-|- xq), for x s Wi ( 0 ) = W, with a = (2 — q]/(q — 1 ), it follows that Ur solves 


—AnUr-h HCVur)*^-h Ar^Ur = K in W 
Ur = 0 in 0 W. 


(4-15) 


For k > 0 , multiplying the above equation by (ur — k)+ and integrating, we easily get, by (2.6), (2.2), and 
being Ur 0, that 


IVUrPdx < 


Ur>lc 


w 


H(VUr)H£,(VUr) -VlUr-y + dx^ K|{Ur > k}|. 
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and, for h. > k, 

|{ur > h}| ^ > k}p‘/^. 


where C is a constant independent on r. Hence, the classical Stampacchia Lemma (see [S65]) assures that 
Ur is uniformly bounded in Moreover, by [BBGK99] Ur is the unique bounded solution of (4.15), 

which is also radial with respect to H°, due to the symmetry of the data. That is, Ur(x) = Ur(H 

xe w. 

Reasoning as in Theorem 2.2 we get that Ur —F uq S where uo(x) = Uo(H°(x]), x G W solves 

r -AhUo + H(Vuo)^ =K inW, 

( uq = 0 in 9 W. 

As a matter of fact, Uq solves the problem 

I +|U'(r)!q =K in [0,1], 

1 Uo(l)=0, U'(0)=0. 

Hence, by the maximum principle lto( 0 ] = uo( 0 ] > 0 . This implies that, for q < 2 , u(x) diverges as 
Th — 0 . As regards the case q = 2 , this method allows only to say that 

liminfu ^ uofO) = Kn. 

dn-LO 

As matter of fact, arguing as in [LL89], we have that for any e > 0 there exists Se > 0 such that for x G Q 
with dnlx) < S£, then u(x] ^ Kq — £. Now, putting v = u — [Kq — t), and repeating exactly the above 
argument for v (at least for 2r < Se), we get that 


liminfu ^ Kn + Kq — £ = 2 Ko — £. 

dn-LO 


Letting £ go to zero, and iterating the argument, we get that u diverges as dn —0 also if q = 2 . □ 

Proof of Theorem 2.4. The argument of the proof of Theorem 2.2 allows to obtain that the solution u^ of 
problem (1.1) satisfies, if 1 < q < 2, 


Cq - £ 
d“ 


A 




Co + £ Ce 
d“ 


( 4 . 16 ) 


for all £ > 0 , A g]0, 1 ], and for some Ce > 0 . In the case q = 2 , the functions d““ have to be replaced with 
I log d|. By (4.16), Aua is uniformly bounded from below and in L[^^(n). Moreover using Theorem 3.1 and 
Remark 4.1 we get that also Vua is uniformly bounded in Lg[,[n]. Then, va = ua(x) — ua(xo), for some 
fixed xq G n, is uniformly bounded with respect to A g]0, 1 ] in Hence, for any D' <e £ 1 , there 

exists a constant Cq/ independent on A such that 


kA(x] -Ua(xo)| Cq/|x-Xo|. 


Passing to the limit we obtain, up to a subsequence, the convergence of Aua (xq ) to a constant uq and of 
Ava to 0 . We finally prove that va converges to a blow-up solution of (2.19). First observe that va satisfies 
the following equation in O: 

-Ahva + H(Vva)‘’ -HAva+Aua (xq) = L (4.17) 

Hence, using again the arguments of the proof of the previous results, we can pass to the limit in (4.17), 

7 7 

obtaining that va converges to a solution v G (£1) of the problem ( 2 . 19 ). 

C ’-n 

Now we prove a lower bound for v. Let z = with Ci g]0, CqI fixed. Then in a sufficiently small 
inner tubular neighbourhood of 9 £ 1 , namely £1 \ we have that 

—Ahz-I-H (Vz)*^ -hAz ^ f — Aua (xq) . 


On the other hand, va is bounded from below in namely there exists a constant M ^ 0 such that 
Va ^ -M on 
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Adapting the methods used in Theorem 2.2 it is possible to obtain that 


^ —M + z = 


-M + ^ 
d“ 


on n. 


(4.18) 


Passing to the limit, also v satisfies (4.18). 

Now we show that for any couple (uq, v] of problem (2.19), wifh v such fhaf blows up af fhe boundary, 
V diverges as in (2.15). To fhis aim, if is possible fo consider Wj. 5 as in (4.5) which is supersolufion of fhe 
ergodic equafion (2.19) in \f^6o/ for some 0 < 6 < Sq = 6o(£]- Hence, by fhe comparison principle, 
and leffing 5 go fo zero, we can conclude fhaf 


—C ^ V ^ Wp 0 + max |v| = (Co + £)d “+ max |v| in 11 . 

d=6o(£) d=6o(£) 


(4-19) 


Hence, v is such fhaf —Ahv + H(Vv) 1+^ = 9, wifh g = f — uq + v. The bounds in (4.19) and fhe condifion 
(2.18) assure fhaf g e and also safisfies (2.18). By Theorem 2.2 we gef fhaf v satisfies (2.15). 

2 2 

Now we show fhat if (uo,v) G R x (£ 1 ) is a couple which solves (2.19) and v blows up at the 
boundary, then uq = uq and v = v + C, for some consfanf C G R. 

As regards fhe uniqueness of fhe ergodic consfanf uq, fhe proof runs similarly as in [LL89], supposing 
by confradicfion fhaf uq < uq • Lef us choose e > 0 , and 0 < 0 < 1 . Firsf, observe fhaf obviously v safisfies 


—Ahv + + £v = f + £v — Uq a.e. in £1. (4-2o) 

On the other hand, we have from fhe 1 -homogeneify of H fhaf 

-Ah( 0 v) + H(V( 0 v))^ +£ 0 v< f+C(l - 0 ] + £ 0 v- 0 uo. 

Moreover, since v and v diverge as d““ near fo fhe boundary of £ 1 , fhen 0 v ^ Ce +v. Hence, from fhe 
above inequalify if follows fhaf 

— Ah(0v) + H(V( 0 v))‘' + £ 0 v ^ f + £V —Uq + (uq — Ouq) + £Ce + C (1 — 0 ) 

^ f + £V — Uq. 

where lasf inequalify holds for 0 sufficienfly near fo 1 and for £ = £( 0 ] sufficiently small. Hence, 0 v is a 
subsolution of (4.20). By Theorem 2.2, 0 v ^ v. As 0 —> 1 , v ^ v. This is in confradicfion wifh fhe facf fhaf 
any funcfion of fhe type v + ci, with ci G R solves the ergodic problem with the same constant uq. □ 

Proof of Theorem 2.^. The h5rpothesis q — 2 allows to perform a suifable change of variable. Lef v G 
be a solufion of fhe ergodic equafion (2.19) wifh v = 00 on 0 £ 1 . Then fhe funcfion 

w = e~^ 

belongs fo Wq'°°(£ 1 ) n W^'^(£l]. Lef us verify fhaf |Vw| G L°°. Due fhe condifion (2.18), we have fhaf 
Co = 1 in (2.15), and fhen jv] ^ log(djI^^). Moreover, using also (2.21) we can apply Theorem 3.2, obfaining 
fhat IVvjdn is bounded. Hence 

|Vw| = |Vv|e"'' C. 

Now, observe that using the properties of H if holds fhaf fhe funcfion w is a Wj^'^(£l) n solufion 

of 


—AhW + f(x) W = Uq W 

W = 0 
W > 0 


in £1, 
on 0£1, 
in Cl. 


The ergodic consfanf uq is a crifical poinf of fhe Rayleigh quofienf 


H(Vr|L]^dx + 
a 

f(x)i|j^dx 

n 


rlL^dx 

0 


(4.21) 
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As a matter of fact, we claim that uq is the minimum eigenvalue, namely 

uq = min !K[r|)], 
u^O 

and Uq is the only eigenvalue associated to a positive eigenfunction. The claim follows observing, firsf of 
all, fhaf being f bounded from below, f ^ — C, fhe Rayleigh quofienf safisfies 


m] ^ -c. 


Then fhe exisfence of fhe minimum value of easily follows by using sfandand argumenfs of Calculus 
of Variations. Moreover fhe simplicify of uq and fhe facf fhaf if is fhe unique eigenvalue associafed fo 
a positive eigenfuncfion follows by adapting fhe proof confained, for example, in [DG14] and [KLP07]. 
Hence problem (4.21) admifs, up fo a mulfiplicafive consfanf, a unique solufion. This implies fhaf if 
and V2 solve (2.19), fhen and V2 differ by a consfanf. □ 
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